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Abstract 

We define holomorphic structures on canonical line bundles on the 
quantum projective plane. The space of holomorphic sections of these 
line bundles will determine the quantum homogeneous coordinate ring of 
(-H \ CPq . We also show that the holomorphic structure of CPq is naturally 

■4-J . represented by a twisted positive Hochschild 4-cocycle. 
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1 Introduction 

In this paper we continue a study of complex structures on quantum projective 
spaces that was initiated in [7 for CP^. In the present paper we consider a 



natural holomorphic structure on the quantum projective plane CPg already 
presented in [6l [5], and define holomorphic structures on canonical quantum 
line bundles on it. The space of holomorphic sections of these line bundles then 
will determine the quantum homogeneous coordinate ring of CP^ . 

In Section [21 we review basic notions of a complex structure on an involutive 
algebra as well as complex structures on modules and bimodules over such 
algebra from [7]. In Section [3l we recall the definition of the quantum projective 
plane CP^ [B], and its canonical line bundles. In Section HI we introduce a flat 
9-connection on the bimodules representing canonical quantum line bundles on 
CP^ . We also establish the compatibility of these connections with the natural 
tensor product of these bimodules. This compatibility is then used to derive 
the structure of the quantum homogeneous coordinate ring of CP^ as a twisted 
polynomial algebra in three variables. In Section [S] we extend the results of 
Section 4 to L^-functions and L^-sections. 

In the last section, using the complex structure on CP^, we give a formula 
for a twisted Hochschild 4-cocycle on A{CP^) cohomologous to its fundamental 
cyclic 4-cocycle which is originally defined via its smooth structure. We also 
show that this cocycle is twisted positive in an appropriate sense [7]. This 
fits well with the point of view on holomorphic structures in noncommutative 
geometry advocated in [3j |4] . 



2 Preliminaries 

In this section we review the general setup of noncommutative complex structure 
on a given *-algebra as introduced in J . 

2.1 Noncommutative complex structures 

Let ^ be a *-algebra over C. A differential ^-calculus for ^ is a pair {^*{A), d), 
where VL'[A) = 0„>o ^"^{A) is a graded differential *-algebra with ^^{A) — A. 
The differential map d : Vl'^{A) -^ Vl'^'^^{A) satisfying the graded Leibniz rule, 
d(cLiiW2) = (daji)aj2 + (— l)"wi( daj2) and d^ = 0. The differential also anti 
commutes with the ^-structure: d(a*) = —(da)*. 

Definition 2.1. A complex structure on an algebra A, equipped with a differ- 
ential calculus (il'(^), d), is a bigraded differential ^-algebra Q,^''''{A) and two 
differential maps d : Vt^P't^A) -^ Q.^'p+^^i^A) andd : ^'-P-'^HA) -^ n^P^'i+^'^ (A) 
such that: 

n"(y4) = n^P^'^'^ (A) , da* = -(da)* , d = d + d. (1) 

p+q=n 

Also, the involution * maps ft^P-'^^A) to n'-'^-P^A). 

We will use the simple notation {A, d) for a complex structure on A. 



Definition 2.2. Let {A, d) be an algebra with a complex structure. The space 
of holomorphic elements of A is defined as 

OiA) :- Ker{d : A ^ n^°-^\A)}. 

2.2 Holomorphic connections 

Suppose we are given a differential calculus {V,'{A), d). We recall that a con- 
nection on a left ^-module £ for the differential calculus {il'{A), d) is a linear 
map V : f — !> il^{A) ®a £ with left Leibniz property: 

V(aO = aV^ + da ®^ C, Va G A V^ G £^. (2) 

By the graded Leibniz rule, i.e. 

VK) = (-l)"cjVe+ da;®^, "^cj E n"{A), V£. e n{A) ®a £, (3) 

this connection can be uniquely extended to a map, which will be denoted again 
by V, V : n*{A) (E>a£ ^ n'+\A) (E>A £■ 

The curvature of such a connection is defined by F\j = V o V. One can show 
that, F\j is an element of Homx(f , ^"^[A) ®a £)■ 

Definition 2.3. Suppose (^, d) is an algebra with a complex structure. A 
holomorphic structure on a left A-module £ with respect to this complex structure 
is given by a linear map V : £ -> $7'"^^^ <^a £ such that 

V^(aO = aV^C + da ®a £., Va £ ^, V^ G £, (4) 

and such that F^g = (V^)^ = 0. 

Such a connection will be called a fi_at 9-conncction. In the case which £ 
is a finitely generated ^-module, {£, V^) will be called a holomorphic vector 
bundle. 

Associated to a flat 9-connection, there exists a complex of vector spaces 

o^£^n'^"'^^(g)A£^n^°'^''<E)A£^- (5) 

Here V^ is extended to V,^^'"^^ (g)^ £ by the graded Leibniz rule. The zeroth 
cohomology group of this complex is called the space of Holomorphic sections 
of £ and wiU be denoted by H°{£, V^). 

2.3 Holomorphic structures on bimodules 

Definition 2.4. Let A be an algebra with a differential calculus {Q*{A), d). A 
bimodule connection on an A-bim,odule £ is given by a connection V which sat- 
isfies a left Leibniz rule as in formula 0) and a right a-twisted Leibniz property 
with respect to a bimodule isomorphism a : £ (E)a i^^{A) — > il^{A) (S)a £■ *-e- 

V(^a) = VCa + cr(C® da), V^ £ ^ , Va £ A (6) 



The tensor product connection of two bimodule connections Vi and V2 on 
two ^-bimodules £1 and £2 with respect to the bimodule isomorphisms ci and 
(72 is a map V : £1 0^ £2 — > i^^{A) ®a £1 (S)a £2 defined by 

V := Vi ® 1 + (cti ® 1)(1 (g> V2). 

It can be checked that, V has the right cr- twisted property with a : £1 i^ £2 ^ 
n^{A) -^ n^{A) (g) fi (g) £"2 given by cr = (<7i (g) 1) o (1 (g) (72). 

3 The quantum projective plane CP^ 

In this section, we recah the definition of the quantum enveloping algebra 
Uq{su{3)), the quantum group A{SUq{3)) and the pairing between them. We 
also recall the definition of the quantum projective plane CP^ and its canonical 
quantum line bundles [6,. 

3.1 The quantum enveloping algebra Uq{su{3)) 
Let < q < 1. We use the following notation 



[a, b\„ — ab ~ q ba, [z\ — —. 

q-q 1 



\m] l\n — mV. 



^J^^^'i--1 [j]l[k]\[l]\ ■ 

The Hopf ^-algebra Uq{su{3)) as a *-algebra is generated by Ki, K^^, Ei, Fi. 
i = 1, 2 with K* = Ki, E* = Fi subject to the relations 



[K„ Kj] = 0, K,E, = qE,K,, [E,,F,] ^ {q - q-^^Kf - Kr^), 
K,Ej ^q-^'^E,K„ [E, , F,] = 0, z / J , 



■■J 
and 



E'^.E^ + EjEf = (g + q-')E,E^E, 1^3. 
Its coproduct, counit and antipode are defined on generators as 

/\{Ei) =E,(g)K, + K-^ ® E„ A(F,) ^F,(E>K, + K^^ ® F„ 
A{K,) ^K,® K„ €{Ki) = 1, e{E,) = e(P,) = 0, 
S{Ki) - Kr\ S{Ei) = -qE„ S{F,) = -q-^F,. 

Let V{ni,n2) be the irreducible finite dimensional *-representationof ?7g(su(3)) 
[S] with the orthonormal basis \ni,n2, ji, J2,'ni), where indices are restricted by 

J, = 0,l,2,...,n„ i(.7i+j2)-|m|GN. (7) 



The generators of Uq{su{3)) act on this basis as 

Ki\ni,n2,ji,J2,m) ^ q"'\ni,n2,ji,J2,m), 
K2\ni,n2,ji,J2,m) == g^(-''"^^)+5("2-ni-m)|„^^ „2, ji, js, m), 

Ei\ni,n2ji,J2,m) = ^[2(^1 + h) - m][-{ji + J2) + m + I] 
\ni,n2,ji,J2,m + l), 



E2\ni,n2,ji,J2,m) = \j [^{ji + J2) - m + l]Aj^^j^\ni,n2ji + l,J2,rn- -) 



+ \/[2 0'i + h) + m]Bj,j^\ni,n2,ji,J2 - l,m- -), (8) 



where 



, ._ / K-Ji][n2+Ji + 2][ji + l] 



' ["1+J2 + I][n2-J2 + I]b2] ;r- ■ I • / A 

il ifji+.?2 = 0. 

3.2 The quantum group AiSUqi^)) 

As a *-algebra, ^(S'C/g(3)) is generated by m*-, i,j = 1,2,3, satisfying the fol- 
lowing commutation relations 

K,u^] = 0, [vi,u\]^{q-q-^)v}iul Vi<j,k<l, 

and a cubic relation 

In the last equation, sum is taken over all permutation a on three letters and 
/((t) is the length of a. The involution * is deafened as 

K)*:=(-'?r^(«^-9«), (11) 

where as an ordered set, {ki, ^2} — {1,2,3} \ {i} and {^1,^2} — {1,2,3} \ {j}. 
The Hopf algebra structure is given by 

k 

There exists a non-degenerate pairing between Hopf algebras A(SUq(3)) and 
Uq{su{3)), which allows us to define a left and a right action of Uq{su('S)) on 



A{SUq{3)). These actions make A{SUq{3)) an C/q(su(3))-bimodulc *-algebra. 
The actions are defined as 

h>a^ a(i)(/i, a(2)}, a<ih^ (/i, a(i))a(2). 

Here we used Sweedler's notation. Left and right actions on generators are given 
by (see [5]) 

ui <K, = g^(*-+i--^'-)w^^, ui <}E,^ S,+i^jul, ui <F,= <5,;j<+^ (12) 

A linear basis oi A{SUq{3)) corresponding to the Peter- Weyl decomposition 
is given by (see 011]) 

t(ni,r.2);;;;-t := x-;-„ > {{uirrHuir < (xrxir- (13) 

where X^^'"^^ is defined as 

-V^ni,«2 . ]w-ni,"2 

jl j'2,m •" jij2,m 

"i^Ji -fcCii +n+fc+l~l r ■ n 



k=o [ji+.?2 + fc + l]! 



The coefficients -/V,"^,"™ are defined by 



^"^;"?^ = v/[ji+j2 + i] 



[^ +m]![n2 - J2]![ji]![ni +J2 + l]![n2 + Ji + 1]! 



Jlj2,m V LJJ- ' J^ • -J I ; |-ji+j2 



- m]l[ni - Ji]![j2]![ni]![n2]![ni + n2 + 1]! 



The Peter- Weyl isomorphism Q : A{SUq{3)) -)■ 0, ^ „^) V{ni,n2)®V{ni,n2) 
has the following property for all h G Uq{su{3)): 



Q{h> t{ni,n2)j{'Jl„-,) = h\ni,n2,ji,J2,m) ® |rii, ri2, ?i, ^2, fc), 
Q{t{ni,n2)''j{'j^'^^<h) = \ni,n2,ji,J2,m)(E) 9{h)\ni,n2,h,l2,k), (14) 



where : C/g(su(3)) — ^ f7g(su(3))°P is the Hopf *-algebra isomorphism which is 
defined on generators as 

9iK^) - K,, 9{E,) = E, 9{E) = E„ 

and satisfying 9^ — id. 

We define the quantum projective plane CP^ as a quotient of the 5-dimensional 
quantum sphere ([6j). By definition 

A{Sl) := {a e A{SUq{'i))\a<ih = e{h)a , Vh 6 Uq{5u{2))}. 

As a *-algebra, .4(5'^) is generated by elements Zj — u^, j = 1, 2, 3 oiA{SUq{3)). 
Abstractly, this algebra is the algebra with generators Zi,z* i = 1,2,3 and 



subject to the following relations 

ZiZj=qZjZi 'ii<j, z*Zj=qZjZ*, ^i^j, 

[zl,zi]=0, [zl,Z2]^{l-q^)zizl, 

[Z3, Z3] = (1 - q^)(zizl + Z2Z2), Zizl + Z2^2 + ^3^3 = 1- 

Now we define the algebra yl(CP^) of the quantum projective plane as a 
*-subalgebra of A{Sq). 

AiCP"^) := {a E A{S^)\ a < KiKI = a}. 

One can show that [6 , .4(5'^) ~ 0(„j nalsN^ ^("-ii '^2) with the basis t{ni,n2)j, 
where ni and n2 are non-negative integers. Also A{CP^) ~ ©ngN^^C'^,") with 
the basis t{n, n)-. Here we have used the multi index notation j ~ ji,J2, fn and 
indices ji,J2,rn are restricted by ([7]). 

For any integer N, we define the space of the canonical quantum line bundle 
£n on CP2 by 

Cn := {a e A{S^) : a < KiK^ = q^a}. 
These spaces are ^(CP^)-bimodules. One can see that [5], 

Z:^ = V{n, n + N) if TV > 0, and Cn = ^ V{n - N, n) if iV < 0. 

neN nSN 

The basis elements are given by t{n, n + A^)- for A^ > and t{n — N, n)- for 
A'<0. 

4 The complex structure of CP^ 

There is a complex structure on CP^ defined in [3 |6]. For future use, we give 
an explicit description of the spaces f2(°'°\ 51^°^^' and fl^^''^^: 

and as a subspace of A{SUq{3))'^ , il^^'^) contains all pairs (w_|_,w_) such that 
the following conditions hold 

{v+,V-)<iKiKi ^q^v+,v^), {v+,V-)<iKi = {qhi+,q-h-), 

iv+,v.)<Fi^iO,v+), iv+,v.)<iEi = {v-,0). (15) 

The complex structure on CP^ is given by the maps d : A{CPg) -^ ^^^•'^^CP^) 
and d : A{CPq) — ?► Q'^^'^^CP^), which (up to multiplicative constants) are 
da = {a < E2, a < F2E1Y , da = (a <i ^2^1,0 < ^2)*- 

In this section we identify the space of holomorphic functions on CP^ and 
holomorphic sections of Cn- 



4.1 Holomorphic functions 

Proposition 4.1. There are no non-trivial holomorphic polynomials on CP^ . 



\0 



Proof. Let a — ^„ ■ Xnjt(n, n)-. Then da = implies that a <i F2 — and 

~. 1 -i 

a < F2F1 = 0. A simple computation shows that a o ^2 = X) ^n.jlnt{n, n) ' ' ^ , 



where 7„ = Ao,o = J Ki^ ■ This can be obtained by (fT4|). (|8]) and dH) because 

£;2|n, n, 0, 0, 0) = Ao.oln, n, 1, 0, -i). 

Since 7„ = iff n = 0, all coefBcients need to be zero except cq.o- Note that the 

action of Fi does not put more restrictions on the coefficients. This demonstrates 

that 

Ker{^ : A{CP^) -^ ^^("'^^(CP^)} = (i(0,0)|) = C. 

D 

This preposition, already has been proved in [6] as a result of a Hodge 
decomposition. 

4.2 Canonical line bundles 

Like [5], we define the connection Vat on Cn by Vat :— q~ '^ Wpf d'i' ^ , where 
\I'Ar is the column vector with components ipf^- ^ given by 



i^f,k.iT = \/[J,k,l]\ziz^zl UN > and with j + k + I = N, 

{tjj^ki)* = y/[j,k,l]l{z{zl^zJ^)*, iiN<0 andwithi+ j + k = -N. 

Notice that we put an extra coefficient q^^ ■ This is needed for compatibility 
with the twist map in section (|4.3p . 



The anti holomorphic part of this connection will be V^ = q ^^Lc?^/ 



The curvature of V^ can be computed as follows 

(Vlf = q-'^^^j,idPNdPN)^N, 
where P/v := ^'atvI']^ is a projection map due to the fact that ^j^^jv = 1- 
Proposition 4.2. The connection V^ is flat. 

Proof. We will prove this for A^ > and a similar discussion will cover the case 
iV<0. 

It suffices to show that 

*]v5P^ = ^^Pn < F2FuPn < F2Y = 0. 



The second component 

= 0. 
and this last equaUty is obtained by ( see [S], section 6) 

*Jv<F2 = 0, *Jv(*Ar^i^2) = 0. (16) 

Similar computation shows that $]y(P/v o F2F1) also vanishes. For this the 
following identity is needed. 

^U'^N<F2Fi) = 0. (17) 

Hence (V|r)2 = 0. D 

Alternatively, as it was kindly pointed out to us by Francesco D 'Andrea, us- 
ing Lemma 6.1 in [5], the full connection (holomorphic + antiholomorphic part) 
has curvature of type (1,1). This implies that the square of the holomorphic 
and antiholomorphic part is zero. 

Proposition (14.21) verifies that the operator V^ satisfies the condition of 
holomorphic structure as given in the definition (12. 3p . 

Flatness of V^ gives the following complex of vector spaces 



The zeroth cohomology group H'^{Cn,'^%) of this complex is called the space 
of holomorphic sections of Cn- The structure of this space is best described by 
the following theorem. 

Theorem 4.1. Let N be a positive integer. Then 



(1) i/0(/:w,v^)~c 



(W + l)(W + 2) 



(2) i?°(/:_^,v^jv) = o. 

Proof First we recall that 

v|e = g-'^^Jva^jvC - q^'^'^Ui^NO < F2FU (vi/^e) < F2Y. 

Using ([T6|) . ([TT]) and the following identities 

-^N^Fi^O, ^In<Ki = ^'n, 'i'N<K2 = q^'^^'^'^N, (18) 

we prove that V^^ = is equivalent to the equations ^0^2 = and ^<iF2Fi = 0. 



First we compute the second component of VJy^. 

In addition to (IT51) and ([T5)) . here we have used ^jy^I'jv = 1- In a similar manner, 
one can show that the first component is 

= g-^*Jv{(*JV < F2KC < K2) + (*Ar < K^^)i^ <i F2)} < Fi 
= g-^*1^{q^^/2(vl,^ ^ F2)e + q^'/^^NiC < F2)} < F, 

+ i^N < Fi){C < F2K1) + (*jv < K^^){^ < F2F1)} 
^q-^/^i<iF2Fi. 

Let A^ > 0. In this case, a basis element of Cm is of the form t(n, n + 
A^)j. Similar computation to the proof of proposition 14.11 using ([T4|) . ([8]) and 

([9]), shows that t{n,n + N)- < F2 — jnt{n,n + N)j' ' ^ , where 7„ — ^0,0 = 
^ [n]ln+N+2] y/2^ If ^ G ^w, then ^ Can be written as ^„ j- A„jt(n,n + Ar)f. So 
^ < F2 = X) ^n,j7nt{n, n + N)j' '" ' . Since 7„ = iff n = 0, ^ < F2 = implies 
that the set {t(0, N)-} will form a basis for the space of KerV^. Remembering 
that by ([7]), the indices are restricted by ji — 0, J2 = 0, ..., A^, and J2/2— |m| G N, 
we will find that dim Ker y% = (N+i)iN+2) _ 

When N is a negative integer, 7„ will be ( r2i — J-)^'^ which is nonzero. 



So dim Ker \7% = 0. 



4.3 Bimodule connections 



[2] 

D 



There exists a ^(CPq)-bimodules isomorphism (7 : 57'^°'-'^)(g)_4(cp2)£jv ~> 'Cjv®^(cp2) 
JlC^'i) which acts as 

such that both elements uj (E) £, and ^' O w' in A{SUq{3))'^ , after multiplication 
are the same. We try to illustrate this in the case of TV = 1. More precisely let 
us define the maps (f>i and (f)2 as follows: 



10 



and 

We will prove that Im 0i=lni 02- Therefore a — 0J~ 02 gives an isomor- 
phism from £i ®A{CP'^) ^^^'^^ to $7'"'^' '^'^^(cp^) -Ci which is coming from the 
multiplication map. Let us first recall that as a *-algebra A{CPq) is generated 
by elements p-ju = z*Zk = {u^)*u\. 

Lemma 4.1. With above notation /to 01 — Im(j)2. 

Proof, easel, a G Im 02 is a basis element. 

a = 4>2{t{n,n + \)j®prsdpjk)^q^'^''^t{n,n + l)jprs{ ,,^r2\* "fe 

- V q ^'^{ujY J 

= q-'^H ,,_ ^^/ l)ul^q~'MT,rs,^ul), 

\q ^lH{n,n + l)jPrs{uj)* J 

where 

T^j-sj = {-q-^'h{n,n + l)lprs{u])*,q-^'^prst{n,n + l)l{u'^yY. 

Since u\ & jCi, it is enough to prove that Tj^sj G fl^°'^'> . In order to do so, 
we need to show that the pair (w+ , v- ) defined as below, satisfies the properties 
given in (IT5|) . 

(«+,«-)* = (-g-'/'t(", n + l)fprs{u]r, q~'/hin, n + l)fp..(u2)*)*. 

We will check (u+, v^) < Ei = (w_, 0). 

v+ < £;i = -q-'^/hin, n + l)fp,,(w])* < Ei 

= -q-^'^{{t{n,n + l)l<E^){{prs{u]r)^K^) 

+ {t{n,n + l)l<iK^')((prs{u]r)<:E,)] 

= -q-^/h{n, n + \)\{{prs < ^l)(("])* < ^l) 

= -g-3/2i(n,n + l)fp,,(-g)(u2)* 

— w_. 
Here we have used the following identities which are obtained from ([5]) , P^ and 

(HI. 

i(n, n + l)f ^ i^i = t(n, n + l)f , i(n, n + l)j<iEi=Q 

p,, < ^1 = 0, (u])* <] i^i = q^/^{u])*, 

Pij < /-Ci = p^j, [u])* <iEi = {-q){v?A*. 



11 



Similarly 

V-<Ei= q-'^/^t{n, n + l)fp„(w2)* < Ei 

= <?-i/2{(t(n, n + l)f<Ei){{prsiujr) < Ki) 

+ (Prs < K{'){{u^^y < El)} 

= 0. 
Two more identities whicli have been used above, are 

The case (w+, v^)<Fi = (0, w+) is similar and the other two cases (w+, w_) < 
Ki = (g^/^t!+,(7^^/^w_) and {vj^,v^)<iKiK2 = q^/'^{v+,V-) are straightforward, 
but the following relations are needed. 

t{n,n + l)^<iK2 = q^'h{n, n + 1)" , i(n, n + 1)° < i^i = 0, 

{u]Y < K2 = {u]r, {u]r < K2 = q'^\u^,r, 

{u]r<Fi - 0, {u^,r<Fi = {-q)-\u]r, 

Pij <K2= Pij, Pi J <Fi =0. 

Case2. a G Im (/)2 is a general element. 

a = <^2(^ Cnit{n, n+l)j(S) ^ drsjkPrsdpjk) 

n,i r,s,j,k 

-1/2 \- .„.^r^ „^no^....,..„Y"'^"'^'("^') 



q "'" ^ Cnit{n,n + l)ldrsjkPr 



n.i,r.s,j.k 

/_ -3/2('yl\*\ 

k i,r.s,j ^ ^ J ^ ^ 



q Vl(Xl^fc®"fe)' 



where 



-^/2(„l)^ 



n.i.r^s.j ^ J •■ 

The proof for /?7i (/)2 C Im (pi is similar. 



In general the maps (pi and 02 will be defined as 



12 



D 



and 

N 

M^ ® iv+,v^)) = 9"^ (et'+, <?"-)• 

Now, we prove that V^ has the right cr-twisted Leibniz property with respect 
to the map a ^ cj)^ (j)2. 

Proposition 4.3. Taking a as above, the following holds 

VfjiCa) = (V|0a + ai^^da), Va G A{CP^), V^ G Cn- (19) 

Proof. By ([TG]) . ([T8| and the fact that ^< K2 — q^^^^, we compute the second 
component of the left hand side as follows 

- g-'^^JvK^w < F^Ma) < K2) + (*Ar < K^'Ma) < F2)} 
^q-^/\^<F2)a + q-^^{a<F2). 

(Note that this actually is 0iVf,.) For the second component of the right hand 
side we will get 

q-N/^{^^F2)a + a{^®a<iF2). 

The previous lemma says that q^^ will appear after acting a on the second 
term. It can be seen that (f>i of both sides coincides. Computation for the 
second component will be similar. D 

Now we will come up to the analog of proposition 3.8 of ([Z])- 

Proposition 4.4. The tensor product connection V^ (g) 1 + (cr (g) 1)(1 Vf^) 
coincides with the holomorphic structure on Cn ®^(cpi) J~-m when identified 
with Cm+m- 

Proof. 

^Af+A/(ClC2) 

= q-^''+''''^\^,,d^N+Mm2) 

_„-(jV+M)^t ({'^N+mS,iS,2)<F2Fi 



-(N+M)^t ({{^N+M < i^2)((ei6) < K2)} < FA 

^ ''+''{ i^N+M<F2m,^2)<K2) J 

-iN+M)^t fii'^N+M < K^'mi^2) < F2)} < FA 

' ^+*'l {^N+M<K^'mii2)<F2) J 

_N+Iilfi^l^2)<iF2Fi\ 

'^ ' V {^1^2) <F2 ) 

-K f{{^i<F2)^2 + {q-^-^'^^U^2<F2)}<Fi 
i^l<F2)a + q-^-'''/^^liC2<F2) 
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Besides ([TC]) and ([T7|) . we also applied the identities S,i<iKi = 0, £,i<Fi — 0. 
On the other hand 

((vl ® 1) + (a ® i)(i ® vff))(Ci ® 6) = 



6 + (f^®i)(Ci®9"*'/'(^ 



£.i<F2 J \ £.2<F: 

Interpreting this expression as an element of i}^'^'^' Cn+m, after applying the 
map (T, which gives us g"''^ on the second summand, we will get the same result. 

D 

Thanks to proposition (|4.4p . the space R :~ ^ H^{CN,Vff) has a ring 
structure under the natural tensor product of bimodules. In the following, we 
identify the quantum homogeneous coordinate ring R with a twisted polynomial 
algebra in three variables 

Theorem 4.2. We have the algebra isomorphism 

C{Z1,Z2,Z3) 



i?:=0i7"(£A,,V^) 



^>o ( Zi^J -qzjz,:l<i<j<3) 

Proof. The ring structure on R is coming from the tensor product £jVi ®^(c_p2\ 

Cjy^ ~ £ni+N2- The following discussion shows that iy°(£i,Vi) =Czi®Cz2© 
Cz3. In order to do this, we will give an explicit formula for the basis elements 
oiH°iCN,Vl),t{0,N)l. 

Let us look at the computation more closely. Using (|13l) . we will see that 






mNri=[j2 + iu r\, '\,.jr Ft'''^-"'Fi^->z!^. (20) 



By induction it is not difficult to prove that F2>z^ ^ q 2 \N]z2Z^ ^. There- 
fore 

Fi > z^ - q~^^^-...-^+i+-+^ [N]...[N - J + l]ziz^-' 
,4-e m .,.N-:, 

The same method gives 



'' 'W-lV-'^^''^ 



F[>z^ =q'^-f }^\ z{z 






So 



F^Fi>Z^ = q^-^ + 4-^4-^-M_,r,^-r.N-: 
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Replacing j with J2 and r with l/2j2 — w, we will have 



^ ^^ ^ ^ \ i'-i - m]l[f + m]l[N - J2]r ' ' =^ ' 

where a = -^ " (f - ^)f + f + |(f - "^)'- 

In the case iV = 1, i(0, l)^_i _i = [2]zi, t(0, l)|^_i = g[2]z2 and t(0, 1)| = zg- 

Now the isomorphism follows from the identities Zi(>^_A(^cp^)Zj~QZj®A{CP^)^i — 
in £2, which can easily be seen. 

D 

5 The C*-algebras C{SUq{3)) and C{CP^) 



In this section we extend the results of Proposition (|4.ip and Theorem (|4.ip 
which are stated for polynomial functions and polynomial sections to i^-functions 
and sections, respectively. 

Let C{SUq{3)) denotes the C* completion of A{SUq{3)), i.e. the universal 
C*-algebra generated by the elements w* subject to the relations given in section 
13.21 There exists a unique left invariant normalized Haar state on this compact 
quantum group denoted by h. The functional h is faithful and it also has a 
twisted tracial property which will be considered in the next section. If we 
denote the Hilbert space of completion of A{SUq{3)) with respect to the inner 
product (a, b) := h{a*b) by L'^{SUq{3)). Since the Haar state on the C*-algebra 
C{SUq{3)) is faithfull [9 , the GNS map 77 : C{SUq{3)) -^ L^{SUq{3)) wiU be 
injective. An orthogonal basis of L^{SUq{3)), would be r]{t{ni , n2)-) . 

Using the fact that L^{SUq{3)) is the completion of 0(„j nalGN^ ^("-ij "2) <8) 
V{ni,n2), the action of Uq{su{3)) naturally rises to an action on L^{SUq{3)). 
The invariant subalgebra of C{SUq{3)) under the action of Uq{u{2)) is by def- 
inition the C*-algebra C(CP^). By the invariance property of the Haar state, 
the GNS map restricts to an injective map C(CP2) _j, L2(5.^^(3))C/,(u(2))_ r^j^g 
space of continuous sections and L^-sections can be defined as well. 

r{CN) : = {e e C{SUq{3m<k = e{k)^,^<K,Kl^q^^, Vfc £ Uq{n{2))} 
L\Cn) : - {e e L\SUq{3m<:k = e{k)(,^<K,Ki = q^^ Wk e C/,(u(2))} 
== Span{t(n, n + N)j\ neN, j satisfies © Y 



1 closure 



Note the the last equality is for iV > 0. For iV < 0, basis elements are of the 
form i(n — N, n)j 



'2f 



The operator Z = <i{F2Fi,F2) is unbonded on L'^{SUq{3)), so we have to 
specify the domain of this operator. 

Dom(Z) := {a G L^{SUq{3))\ [a < P^^^i, a < ^2) e L'^{SUq{3f)}. 

Now the Proposition 14. II can easily be generalized to the following proposition. 
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Proposition 5.1. The Kernel of the map Z restricted to L'^{CPg) is C 

Proof. Since any element of L'^{'CP^) is a L^-linear combination of the elements 
t{n,n)-, proof is exactly like Proposition |43] D 

Let us define Dom(9) := {a G C(CP^)| ||9a|| < oo}. The above statement 
could pass to continuous functions as follows. 

Corollary 5.1. There is no non-constant holomorphic function in C{CP^). 

With a similar discussion, the analog of l4. II continues to hold if we work with 
L^-sections of Cn ■ We give the statement of the theorem and leave its similar 
proof to the reader. 

Theorem 5.1. Let N be a positive integer. Then 

_, (JV + l)(W + 2) 



(1) H'iL'{CM),V''^) 

i 

-N) 



(2) H'>{L'{C^n),V%) = 0. 



We note that our approach here as well as in 7 , is somehow the opposite of 
the approach adopted in [1^ 2, to noncommutative projective spaces. We started 
with a C* -algebra defined as the quantum homogeneous space of the quantum 
group SUq(S) and its natural line bundles, and endowed them with holomorphic 
structures. The quantum homogeneous coordinate ring is then defined as the 
algebra of holomorphic sections of these line bundles. This ring coincides with 
the twisted homogeneous ring associated in Tlf^l to the line bundle 0{1) under 
a suitable twist. 

6 Existence of a twisted positive Hochschild 4- 
cocycle on CP^ 

In [3], Section VI. 2, Connes shows that extremal positive Hochschild cocycles on 
the algebra of smooth functions on a compact oriented 2-dimensional manifold 
encode the information needed to define a holomorphic structure on the surface. 
There is a similar result for holomorphic structures on the noncommutative two 
torus (cf. Loc cit.). In particular the positive Hocshchild cocycle is defined via 
the holomorphic structure and represents the fundamental cyclic cocycle. In [7] 
a notion of twisted positive Hochschild cocycle is introduced and a similar result 
is proved for the holomorphic structure of CP}. Although the corresponding 
problem of characterizing holomorphic structures on higher dimensional (com- 
mutative or noncommutative) manifolds via positive Hochschild cocycles is still 
open, nevertheless these results suggest regarding (twisted) positive Hochschild 
cocycles as a possible framework for holomorphic noncommutative structures. 
In this section we prove an analogous result for CP^. 

First we recall the notion of twisted Hochschild and cyclic cohomologies. 
Let A be an algebra and a an automorphism of A. For each n > 0, C'^{A) := 
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Hoin(^'*("'+-'^\ C) is the space of n-cochains on A. Define the space of twisted 
Hochschild n-cochains as C^{A) :=Ker{(l - X'^+^) : C"(y^) -^ C"{A)}, where 
the twisted cyclic map Acr : C"(^) -> C"(^) is defined as 

(Acr(/))(ao,ai,...,a„) = (-f)"(/)(cr(a„),ao, ai, ...,a„_i). 

The twisted Hochschild coboundary map 6(j : C"(^) — t- C"^^{A) is given by 



6^(^(00, ai,...,a„+i) =^(-f)V(ao, ...,0^0^+1, ...,a„+i) 
+ (-l)"+V(CT(a„+i)ao,...,a„). 



The cohomology of the complex {C*{A),ba-) is called the twisted Hochschild 
cohomology of A. We also need the notion of twisted cyclic cohomology of A. It 
is by definition the cohomology of the complex [C^ ^^{A), h„), where 

Q, := Ker{{l - A) : C^iA) ^ C-+\A)}. 

Now we come back to the case of our interest, that is CP^. Let r be the 
fundamental class on CPg defined as in [51 by 

r(ao, 01,02,03, 04) := — / oq doi da2 das da4 , Vao, ai, ..., 04 G ^(CP^ ). 

Jh 

(21) 
Here h stands for the Haar state functional of the quantum group A{SUq{3)) 
which has a twisted tracial property hixy) = h{a{y)x). Here the algebra auto- 
morphism a is defined by 

(J : A{SUq{Z)) -^ A{SUq{Z)), a{x) =K>x<K. 

where K = {KiK2)^'^- The map a, restricted to the algebra A{CPq) is given 
by (t(x) = K > X. Non-triviality of r has been shown in |5j. Now we recall the 
definition of a twisted positive Hochschild cocycle as given in [^ . 

Definition 6.1. A twisted Hochschild 2n-cocycle (j) on a ^-algebra A is said to 
be twisted positive if the following map defines a positive sesquilinear form on 
the vector space ^®("+i); 

(oo ®ai® ... (g) a„, &o ® &i <8> ... <E) 6„} = (p{a{bl)ao, ai, ..., a„, 6* , ..., 6*). 

We would like to define a twisted Hochschild cocycle (p which is cohomologous 
to r and it is positive. For simplicity, we introduce first the maps (pi, for i = 1,2 
as follows 

((9i(ao, 01,02,03, 04) = -3 / Oo9oi9o29o35o4, 

Jh 

(/J2(oo, 01,02,03, 04) = -3 / aoi9oi9o29o39o4. (22) 

Jh 
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Now we define tp G C^{A{CP^)) by 

ip -.^ ipi + ip2 ■ (23) 

We will need the following simple leinma for future computations. 

Lemma 6.1. For any 00,01,02,03,04,05 G A{CP'^) the following identities 
hold: 

aQ{daida2da3dai)a5 = / a{az)aodaida2da3dai, 

Jh 

Oo (5a 1 9021903904) 05 = / cr(a5)ao9ai9a29a39a4. 

h Jh 

Proof. We give the proof of the first one. The proof for the second equality will 
be similar. The space of fl'-'^-'^' is a rank one free v4(CPq )-module. Let w be the 
central basis element for the space of fi^^'^^ and let daida2dasda4^ = xlu. Then 

ao(9ai9a29o39o4)a5 — / a-{a5)aodaida2da3da4 = / (00x0705 — o'(o5)ooa;aj) 

h Jh Jh 

(aoxa^uj — O'(o5)ooxaj) 

h 

— h{aQxa^ — cr(o5)oox) ~ 0. 

The last equality comes from the twisted property of the Haar state. D 

Proposition 6.1. The functional Lp defined by formula \2S^) . is a twisted positive 
Hochschild 4-cocycle. 

Proof. We first verify the twisted cocycle property. In order to do so, we consider 
this property for each ipi . We will prove the statement for pi . The proof for (^2 
is similar. 

ipi{a{ao),a{ai), (7(02), cr(a3), cr(o4)) 

= —3 / CT(ao)(9cr(oi)9cr(a2)(9(T(o3)9cr(a4) 

Jh 



= -3 / (X > ao)iK > dai){K > da2){K > da3){K > ^04) 

Jh 

= — 3 / A' > (oo9ai9a29o39a4) = —?>e{K) I aodaida2da3da4, 

Jh Jh 

= Piiao,ai,a2,a3,ai). 

Now let us prove that ba-^p — 0. Again we just prove for ipi and leave the 
similar proof of the other one. 

6cr¥'i(ao,ai,a2,a3,a4,a5) = (y9i(aoai, 02, 03, 04, 05) - (/?i(oo,ai02, 03, 04, 05) 

+ </2i(ao, 01,0203, 04, 05) - (pi(ao, 01,02, 0304, 05) 
+ <i2i(ao, oi, 02, 03, 0405) - (/3i(cr(a5)ao, 01,02, 03, 04) 
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Using (1^ . this equals to 

—3 / aoaida2da3da4,dar, + 3 / aQd{aia2)da3da4da:^ 

Jh Jh 



—3 / aQdaid{a2a3)da4da5 + 3 / aodaida2d{a3ai)da5 

Jh Jh 

—3 / aQdaida2da3d{a4^a<^) + 3 / (T{a^)aodaida2da3da4. 

Jh Jh 

Using the Leibniz property we get 

baipi{ao, ai,a2, 03, 04, 05) = -3 / {aQaida2da^daida5 — a{a^)aQdaida2da^da/^), 

Jh 

which is zero by the previous lemma. 

Now we will show that all Lpi and Lp2 are positive. 

Positivity oi ipi. 

(/Ji(cr(a(5)ao,ai,a2,a2,aJ) = — 3 / cr(ag)aoi9aii9a25a29a* 

Jh 

= —3 / ai^daida2da2da\aQ 

Jh 



— S {aodaida2)iaodaida2)* ■ 

Jh 

One can take dai = (ui,t'2) and da2 = (ioi,W2), then using the multiplication 
rule of type (1,0) forms (c.f. [5l Proposition A.l), we find that 
{aodaida2){aQdaida2)* — c|[2]~^/i/z*, where /i — q^''^aQViW2 — q^^''^aoV2Wi. 
Hence 

(^i(cr(a5)ao,ai,a2,a2,a*) = /i(3c4[2]"Vm*) > 0- 

Positivity of ip2 '■ 

ip2{o'{aQ)ao,ai,a2,a2,al) = —3 / cr(ag)ao5ai9a25a29aJ 

= —3 / aodaida2da2dalaQ 

Jh 



= 3 / (ao(?ai9a2)(ao9ai9a2)*. 

Similar to the above discussion, one can take dai = (wi,W2) and da2 = 
(wi, W2) and use the multiplication of type (0,1) forms to find that 

(^2(^(05)00, 01,02,02,01) = h{3cl[2]~'^i^i'*) > 0, 

where 1/ = q^^^aoViW2 — q^^'^aoV2Wi. Here cq and C4 are two real constants. 
This concludes the positivity of ip. 

D 
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Now we want to show that the twisted Hochschild cocycle <f as defined by 
formula ((23)) and the twisted cychc cocycle r as in formula (|2ip are cohomolo- 
gous. To this end, we need an appropriate twisted Hochschild cocycle ip such 
that T — If = b^-ip. Let ■0^ for , i=l,2,3,4 be defined by 

i/'i(ao,ai,a2,a3) = - / aodaida2dda3, 

Jh 



^'2(00,01,02,03) = 2 / aodaidda2da3, 

Jh 

V'3(ao, 01,02,03) = 2 / aodaidda2da3, 

Jh 

-04(00,01,02,03) = - / aQdaida2dda3. 

Jh 



^4 



and let ip — X]j:=i V'i- Then we will have the following result. 

Proposition 6.2. The twisted Hochschild cocycles t and ip are cohomologous. 

Proof. 

&<tV'i(oo, Ol, 02, 03, 04) = -01(0001, 02, 03, 04) - -01 (Oo, O1O2, 03, 04) 

+ V'l (00,01,0203, 04) - -01(00,01,02,0304) 

+ -0l(cr(o4)oo, 01,02, 03) 

which equals to 

{ooOi(9a29a39i9a4 — Oo9(oia2)9a39(9a4 + Oo9oi9(a203)9i9o4 

h 

— aodaida2dd{a3ai) + a{ai)aadaida2dda3}. 

Applying the Leibniz rule, one can see that in the expanded form, all but 
two terms will cancel. That is 

bcripi = / ao(<9ai9o29o39o4 — 9ai9a29a39a4). 

Jh 

Similar computation for ipi, i — 2,3 and 4 shows that 

&cr-02 = 2 / aa{daida2da3da4 ~ daida2da3da4), 



ba'fps ~ ^ / Oo(9oi9o29o39o4 — daida2da3da4), 

Jh 

baip4 = / ao{daida2da3da4 — daida2da3da4). 

Jh 
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Therefore 

bai^ = 2 / ao{daxda2dazdai + daida2da3,da4) 

Jh 

— / aQ{daida2da3da4 + daida2da3da4) 

Jh 

— / ao{daida2da3da4 + daida2da3da4). (24) 

Jh 

Now from ([21]), ([231) and ([24]), we can easily find that t - (p = h^ii. D 
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